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Introduction

T HIS Note presents in closed form the propulsive force on a
rigid, thin airfoil due to sinusoidal actuation of a leading edge

flap. The methods of Theodorsen [1] and Garrick [2] are used to
arrive at the aerodynamic loads and propulsive efficiency due to
harmonic motions of the leading edge flap and its interactions with
the traditional plunge, pitching, and trailing edge flap degrees of free-
dom. These results do not seem to have been published previously
and aim to benefit the parameter selection for modern numerical
simulations using prescribed leading edgemotion to improve period-
averaged aerodynamic efficiency [3].

Analysis

Figure 1 illustrates a flat-plate, typical-section airfoil augmented
by a leading edge flap with axis location d. The noncirculatory flow
potential functions associated with the leading edge flap are
determined by integrating over a distribution of source-sink pairs,
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The noncirculatory lift and moments per unit span follow from
direct integration of the potential functions,
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where � is the fluid density,U is the freestream velocity, and b is the
semi-chord length. The aerodynamic moments on the total airfoil,
trailing edge flap alone, and leading edge flap alone are calcu-
lated about axis locations a, c, and d, respectively. Note that � in
Eqs. (5–8) represents the sum of the leading edge velocity potentials
and the potentials due to pitching, plunge, and the trailing edge
motions outlined by Theodorsen [1].

The relationships between the noncirculatory loads and the total
aerodynamic loads for sinusoidal motions are well-known [4], and
here we note the new result for the moment about the elastic axis of
the leading edge flap.†
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derstood to be the classical Theodorsen function [1] of the reduced
frequency, k� !b=U. The Kutta condition sets the magnitude of the
circulation from the downwash profile of the airfoil, which definesQ
in the usual fashion as
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Lift and Moments

The total lift and moments can now be written as a linear
superposition of Theodorsen’s results [1] with the new contributions
of the leading edgeflap.AgreementwithKerschen [5] is noted for the
unsteady lift due to the leading edge flap.
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Thrust

Consider the following harmonic airfoil motions,
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The method of von Kármán and Burgers [6] and Garrick [2] is
employed to determine the average propulsive force over a period of
prescribed motion by the following energy balance.

�W � �E� �PxU (19)

Inwords, the average power tomaintain the prescribedmotions of the

airfoil against the aerodynamic forces and moments, �W, is equal to

the average increase in energy shed into the wake in unit time, �E, the
average work done in unit time by the propulsive force Px [2]. The
instantaneous work required to maintain the oscillations is
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Thus, the average power per period of prescribed motion to sustain
the airfoil motions is
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Garrick [2] showed that if one decomposes Qe�i!t into A� iB, the
averagevalue of the increase in energy in the fluid in unit timemay be
expressed as
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The efficiency of the thrust production follows from a rearrangement
of Eq. (19),
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(25)

which enables the calculation of propulsive efficiency from the
coefficients in Eqs. (22) and (24) tabulated in the appendix.

Consider the special case of an isolated leading edge flap (h0, �0,
�0 � 0) oscillating about pitch axis d. Figure 2 plots contours of
�E= �W over the complete range of reduced frequency and axis
locations of the flap. Values less than unity denote propulsion,
whereas values greater than unity indicate drag. The result byGarrick
[2] for an airfoil pitching at the trailing edge is recovered as d! 1,
where thrust is achieved for reduced frequencies above k� 0:9577,
or k
 	 k=�1� k� � 0:4892.

Figure 3 compares this critical frequency of an oscillating leading
edge flap against that of a trailing edge flap as a function of axis
location. Recall that the axis location is d for the leading edge flap
and c for the trailing edge flap. The trailing edge flap must generally
comprise a substantial portion of the airfoil chord to achieve thrust,
and the minimum critical frequency for the trailing edge flap is
k� 0:6336 (k
 � 0:3879) as c! �1. As the trailing edge flap
becomes infinitely small (c! 1), there does not exist a finite
frequency above which thrust can be produced, i.e. k
 ! 1 or
k!1.

Fig. 1 Schematic of flat plate airfoil with flaps at the leading and

trailing edges.
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Fig. 2 Contours of �E= �W � 1 � �p for an oscillating leading edge flap.
The shaded region indicates period-averaged drag.
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Fig. 3 Critical frequency to produce thrust from an oscillating leading

or trailing edge flap as a function of axis location.
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A surprising result of mathematical interest is noted for the case of
an oscillating leading edge flap of infinitesimal extent. In the formal
limit as d! �1, thrust is still produced above a critical frequency
k� 0:2319 (k
 � 0:1883), which is also the minimum frequency to
achieve propulsion with harmonic leading-edge actuation. Thus,
Figs. 2 and 3 also suggest that oscillating leading edge flaps
occupying a smaller fraction of the chord length are more efficient
propulsors at low frequency. However, the practical point should be

made that propulsive efficiency depends on the ratio �E= �W, whereas
the magnitude of the propulsive force varies with the algebraic

difference �W � �E. This distinction can allow an oscillating trailing
edge flap to produce a thrust greater inmagnitude than a leading edge
flap with the same unsteady amplitude and length per unit chord.
Indeed, the capacity to attain a greater propulsive force is an
important concern for airfoils oscillating in real fluids, where a
sufficiently large force is necessary to overcome the drag associated
with viscous stresses in order to achieve a net thrust [7].

Conclusion

The classical analysis for the aerodynamic loads on an oscillating
airfoil is extended to include the additional degree of freedom of a
leading edge flap and its interaction with the standard plunge, pitch,
and trailing edge flap motions. It is shown in the special case of an
isolated leading edge flap that there exists for every hinge location a
finite frequency to achieve a net thrust on the airfoil. Also, the
minimum frequency to achieve a net thrust occurs for a leading edge
flap of infinitesimal extent, in contrast to an oscillating trailing edge
flap which achieves propulsion at lower frequencies when its length
is maximized.

Appendix

The coefficients denoted by T are tabulated in full by Garrick [2].
New coefficients based on the present analysis are denoted by Z.
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Coefficients related to the calculation of �E and �W are presented
below, which confirm and augment the analysis of Garrick [2] with
new results B4, B8, B9, B10, C4, C8, C9, and C10.

B1 � F (A26)
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